ABSTRACT In this paper, the problem of synchronization for a class of fully complex-valued networks with coupling delay is investigated by the linear feedback control in a finite time. The state variables, system function, inner coupling matrix, and outer coupling matrix in this model are set as complex values. By decomposing the complex-valued network into real and imaginary parts, an equivalent real-valued system is established. Based on the finite-time stability theory and Lyapunov functional method, linear feedback controllers are constructed to guarantee the synchronization for the complex-valued networks with or without coupling delay in a desired finite time. Then, some sufficient conditions for assurance of finite-time synchronization are given by strict proof. Finally, simulation examples are provided to verify our results.
I. INTRODUCTION
During the past decades, the theory of complex networks has gained a lot of interests from a variety of directions including spreading dynamics, community structure, evolution game, control synchronization, and so on [1] - [5] . Amongst all the directions, the investigation of control synchronization has attracted considerable attentions because of its promising applications in the secure communication, image encryption, information processing and other fields [6] - [8] . Synchronization refers to a process that all the nodes seek to adjust a certain property of their motion to a common behavior as time evolves. Specially, many kinds of synchronization patterns have been put forward such as exponential synchronization [9] , cluster synchronization [10] , projective synchronization [11] , and robust synchronization [12] . Even though many results on synchronization of complex networks have been obtained, most of them are to realize the synchronization as time goes to infinity. In practical engineering, however, to realize the synchronization of complex networks in a desired finite time, rather than merely asymptotically synchronize, is more valuable and greater significance.
The pioneering work of finite-time synchronization can be traced back to the concept of finite-time stability proposed by Dorato in 1961 [13] . In recent years, with the continuous upsurge of research on complex network theory, numerous studies have attempted to realize the finite-synchronization of various complex network models. A study on finite-time synchronization for complex networks with stochastic noise perturbations was done by [14] . Then, the finite-time mixed outer synchronization problem between two drive-response complex networks with coupling time-varying delay was explored in [15] . For the drive-response complex networks with non-delayed and delayed coupling, the impulsive control and periodically intermittent control were utilized to realize the finite-time synchronization in [16] . In addition, the finite-time synchronization for Markovian jump complex networks with partially unknown transition rates was studied by adopting the pinning control method in [17] .
Furthermore, [18] 's model focused on the complex networks with Markovian jumping parameters, time delays and stochastic perturbations. By constructing discontinuous state feedback controllers, some sufficient conditions were given to guarantee the complex networks be synchronized in finite time by [19] .
Notice the wide existence of complex-valued systems in practice, such as the reaction-advection-diffusion systems, nonlinear quantum systems, and heat equation; this is nature to generalize the complex networks to complex regime. Based on the Lyapunov stability theory and other mathematical methods, the pinning impulsive control and adaptive method were adopted to realize the synchronization of complexvalued networks in [20] . In virtue of the stochastic stability theory and complex inequality, the adaptive synchronization problem of complex-valued networks with stochastic time-varying delay was studied in [21] . The complex function projective synchronization between the drive-response complex-valued networks was developed by hybrid feedback control in [22] . By utilizing sliding mode controllers, the synchronization and module-phase synchronization criteria of complex-valued neural networks were derived in [23] . For the complex-valued networks with multiple time-varying delays and stochastic perturbations, the globally exponential synchronization was realized by designing a time-delayed impulsive control scheme in [24] . Worth mentioning that the above complex-valued networks or complex-valued neural networks have in common that the outer coupling matrix and inner coupling matrix are real-valued. Recently, a class of complex-valued recurrent neural network with asynchronous time delays was proposed, in which the node states, coupling configuration matrix, and activation functions were set as complex-valued [25] . The fixed-time synchronization of complex-valued neural network with the discontinuous activation functions and parameter uncertainties was developed, in which all the terms were set as complex-valued [26] .
Motivated by the above discussions, we develop a fully complex-valued network with coupling delay. An equivalent real-valued system is built by decomposing the complexvalued network into real and imaginary parts. Meanwhile, finite-time synchronization of the proposed complex-valued networks is explored. By designing the simple linear feedback controllers, some sufficient conditions are rigorously induced to guarantee the synchronization in a given finite time. Numerical examples are shown to verify the effectiveness of our results. Compared with the existing works, there are mainly two contributions in our paper. On the one hand, the complex network model is new. The complex network is extended to the fully complex-valued network, in which the state variables, system function, inner coupling matrix and outer coupling matrix are considered as complex-valued. The couplings between three complex-valued terms (node states, inner coupling matrix and outer coupling matrix) increase the complexity of its structures, while there are couplings of no more than two complex-valued terms, see [20] - [26] and references therein. On the other hand, under the effect of designed controllers, the synchronization between the driveresponse complex-valued network with or without coupling delays can be achieved in a given finite time, rather than merely asymptotically synchronize.
The rest is organized as follows. Network model and mathematical preliminaries are given in Section II. Main results are deduced in Section III. Simulation examples are given to verify results in Section IV, conclusion and future works are presented in Section V and Section VI,.
II. MODEL DESCRIPTION AND PRELIMINARIES
In this paper, consider the complex-valued network with coupling delay consisting of N nodes, in which all nodes are n dimensional and have identical dynamics. They can be described aṡ
where x i (t) is the state variable of the ith node, f (x i (t)) is the nonlinear vector function and describes the node dynamics, A = (a ij ) N ×N is the outer coupling matrix and represents the connection weights between nodes, = diag{γ 1 , γ 2 , · · · , γ n } is the inner coupling matrix, and τ > 0 is the coupling delay.
Suppose the state variables, system function, outer coupling matrix and inner coupling matrix are complex values including real and imaginary parts. For every node state x i (t), denote
Therefore, for convenience, we denote x i (t) and x i (t − τ ) as x i and x i (τ ), the complex-valued network can be written as an equivalent real-valued system
Remark 1: In [20] - [22] , the state variables of complex network models are assumed to be complex values while the other parameters are set as real values. And in [23] - [26] , the state variables, outer coupling matrix and activation functions are considered as complex values. In further step, we generalize the network model by setting the state variables, system function, inner coupling matrix and outer coupling matrix as complex values in this paper.
Set the network system (2) as the drive-network, and the corresponding response-network (3) can be described as
where
Denote e R i = y R i − x R i and e I i = y I i − x I i , and based on the Eqs. (2) and (3), the dynamical error can be defined as
. In order to obtain the main results, the definition of finite-time synchronization, some necessary assumptions and lemmas are provided as follows.
Definition 1: The finite-time synchronization between the drive-network (2) and the response-network (3) is said to be achieved if there exists a constant t * > 0, such that
where · indicates the Euclidean norm of vector.
Assumption 1: Assume for the nonlinear binary functions
→ R n and f I (·, ·) : R 2n → R n , there exist real positive constants l RR , l RI , l IR and l II , for any variables
Remark 2: Many complex-valued chaotic systems, such as the complex-valued Chen system, complex-valued Lorenz system, complex-valued Chua system, satisfy the Lipchitzlike condition, and we will give detailed illustration in the simulation example.
Lemma 1 [16] : Consider the continuous and positivedefinite function V (t), it satisfies the following differential inequalitẏ
where σ > 0, 0 < η < 1. Then, for any given t 0 , V (t) satisfies the inequality
and
with t 1 given by
Lemma 2 [19] : For any vectors x, y ∈ R n and constant ε > 0, yield
Lemma 3 [19] : For any vectors x 1 , x 1 , · · · , x n ∈ R m and 0 < q < 2, it satisfies
Notations: Through all the paper, λ max (·) is the maximum eigenvalue of matrix, ⊗ is defined as Kronecker product, |·| represents the modulus of scalar, sign(·) is the sign function defined as sign(x) = |x|/x when x = 0, and sign(x) = 0 when x = 0.
III. MAIN RESULTS
In this section, some sufficient conditions of finite-time synchronization for the fully complex-valued networks with coupling delay or without delay are derived by strict proof.
To realize the aim of finite-time synchronization, we design the real and imaginary parts of linear feedback
where α R > 0 and α I > 0 are parameters to be determined,
Theorem 1: Suppose the Assumption 1 holds, and under the effect of controllers (5), the finite-time synchronization between the drive-network (2) and the response-network (3) can be realized if the controller parameters α R and α I are properly chosen to satisfy
In addition, the settling time is estimated by
Proof: Consider the following Lyapunov function
Calculating the derivative along with (4), one haṡ
Let
T T , based on the Lemma 2 and Assumption 1, one has
10 (e I (τ )) T e I (τ ).
Substituting the above inequalities into (8) and (9), one haṡ
10 (e I (τ )) T e I (τ )
Therefore, the combinations of above two inequalities and the controllers (5) can deduces tȯ
10 , and based on Lemma 3, one haṡ
(t).
Noticing condition (6) yields the following inequalitẏ
According to Lemma 1, the finite-time synchronization is realized, and the settling time is estimated by (7) .
Remark 3: From the proof of Theorem 1, we will give the method of selecting parameters and do some illustrations. On one hand, the choice of parameters α R and α I in controller (5) are decided by the inequalities (6), and α R e R i (t) and α I e I i (t) can make response-network (3) synchronize to drive-network (2) . On the other hand, the convergence time is closely related to the parameters β and γ , and they can make the synchronization achieved under settling time shown as (7). Theorem 3.1 provides a finite-time synchronization criterion for the complex networks with coupling delays. In the following results, we derived the synchronization conditions for the complex network without coupling delay by extending Theorem 3.1
Corollary 1: For the fully complex-valued networks without coupling delay, if the Assumption 1 holds, and under the effect of controllers
then the finite-time synchronization can be realized if the controller parameters α R and α I are properly chosen to satisfy
.
IV. ILLUSTRATIVE EXAMPLES
In this section, illustration examples are performed to show the effectiveness of the proposed schemes obtained in the previous section. We consider the complex-valued networks with 6 nodes, and choose node dynamics being the following complex-valued Lorenz chaotic system [24]     ẋ
where x 1 = x re 1 + ι · x im 1 and x 2 = x re 2 + ι · x im 2 are complexvalued variables, x 3 is real-valued variable, a 1 = 35, a 2 = 55, a 3 = 8/3. With the initial values x 1 (0) = −1 + ι · (−2), x 2 (0) = −3 + ι · (−4), x 3 (0) = 1, the chaotic attractors' projections in three-dimensional space are shown in Figure 1 .
Obviously, the complex-valued Lorenz chaotic system exhibits chaotic behavior and the chaotic attractors are confined to a bounded region with x R 1 (t) < 20, x R 2 (t) < 40, x I 1 (t) < 40, x I 2 (t) < 50, |x 3 (t)| < 120. Assumption 1 is satisfied with α RR = 124, α RI = 56.6, α IR = 56.6 and α II = 93.5, that is, by using Lemma 2 and 3, we have and
In the numerical simulations, we assume the outer coupling matrix and inner coupling matrix are then the real and imaginary parts of the complex-valued matrices are respectively 
For the complex-valued networks without coupling delay, the initial values are selected as x i1 (0) = (−1+2i)+ι·(2−i), Figure 2 shows the time evolution of the real part and imaginary part synchronization errors of all the nodes states without control. Obviously, the synchronization cannot be achieved, and the errors oscillate around 0.
We can easily compute that ρ = 584.6421, and take α R = 767.8, α I = 737.3, β = 10, γ = 0.8, then the controllers (10) are determined and the conditions (11) in Theorem 1 are satisfied, the drive-response network will be synchronized. Additionally, the synchronization time is less than t 1 = 0.79. Figure 3 shows the time evolution of synchronization errors of all the nodes states with control, and the simulations accord with the results established in Corollary 1.
Moreover, for the complex-valued networks with coupling delay, we take the delay as τ = 0.005, and take the same parameters as those of above situation. Similarly, the finitetime synchronization cannot be achieved without control, see Figure 4 .
Then, with the controllers determined by formula (5) and the conditions (6), the finite-time synchronization can be realized. Additionally, the synchronization time is less than t 1 = 0.7316. The Figure 5 shows the time evolution of the real part and imaginary part synchronization errors of all the nodes states with control, and the simulations accord with the results established in Theorem 1.
V. CONCLUSION
In this paper, we develop a fully complex-valued network with the coupling delay, complex-valued state variables, complex-valued system function, complex-valued inner coupling matrix and complex-valued outer coupling matrix. Unlike the existing works, the inner coupling of the referred complex-valued network is linear complex-valued coupling, which leads to the coupling between three complex-valued terms (node states, inner coupling matrix and outer coupling matrix) and greatly increases the complexity of its structures. Meanwhile, finite-time synchronization of the referred complex-valued network with or without coupling delay are explored. Based on the finite-time stability theory, suitable controllers are designed to guarantee the synchronization realized in a given finite time, and several synchronization protocols are also rigorously induced.
VI. FUTURE WORKS
For future works, we will focus on the finite-time threshold calculation and the finite-time synchronization for complex networks with other external disturbance such as time-varying delays, mixed delays, parameter uncertainties and so on. In addition, the applications of the synchronization for the complex networks in secure communication and image encryption fields are also the focus of future research. 
